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Isotropic Maze Navigation

Numerical artifacts at the source and corners.
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Rarefaction Fans in Eikonal Solution
|∇u(x)|F (x) = 1, x ∈ Ω,
u(x) = 0, x = x0.

F (x, y) = 0.5x+ 0.5.
u(x) = 2acosh (1 + 0.25F (x)|x|).[FLZ09, LQ12]

Dongping Qi, Alexander Vladimirsky — Rarefaction Fans and Dynamic Factoring in Eikonal Equation 4/28



Rarefaction Fans in Eikonal Solution. Dynamic Factoring Techniques. Maze Navigation & Permeable Obstacles. Other Uses.

Rarefaction Fans in Eikonal Solution
|∇u(x)|F (x) = 1, x ∈ Ω,
u(x) = 0, x = x0.

F (x, y) = 0.5x+ 0.5.
u(x) = 2acosh (1 + 0.25F (x)|x|).[FLZ09, LQ12]

Dongping Qi, Alexander Vladimirsky — Rarefaction Fans and Dynamic Factoring in Eikonal Equation 4/28



Rarefaction Fans in Eikonal Solution. Dynamic Factoring Techniques. Maze Navigation & Permeable Obstacles. Other Uses.

Singularities in Second-Order Derivatives

If F (x) = 1 and x0 = (0, 0),

u(x) = |x| =
√
x2 + y2.

The second-order derivatives are

∂2u

∂x2 = y2

(x2 + y2)3/2 ,
∂2u

∂y2 = x2

(x2 + y2)3/2 ,

∂2u

∂x2 →∞,
∂2u

∂y2 →∞, x, y → 0
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Factored Eikonal Equation

Asymptotic behavior of u:

u(x) ≈ T (x) = |x− x̃0|
F (x̃0) .

x̃0 is the source of rarefaction fan.

Additive factoring (u = T + τ) [LQ12]

|∇T (x) +∇τ(x)|F (x) = 1.

Multiplicative factoring (u = Tτ) [LQ12, FLZ09, TH16]

|∇T (x)τ(x) + T (x)∇τ(x)|F (x) = 1.
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Factored Eikonal Equation

F (x, y) = 0.5x+ 0.5. L∞ error convergence.
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Cases Global Factoring is Not The Best

F (x, y) = 12x+ 2. F (x, y) = 5x+ 20y + 2.
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Cases Global Factoring is Not The Best

Single source. Double sources.
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Obstacle Induced Rarefaction Fans

Characteristics. log of Hessian’s norm.
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Dynamic Factoring Kernel

T (x) =


|x−x̃|
F (x̃) , x ∈ S0

(−a)·(x−x̃)
F (x̃) , x ∈ S1.
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Maze Navigation

Original FMM. Dynamic factoring.

F (x, y) = 1.
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Maze Navigation

Original FMM. Dynamic factoring.

F (x, y) = 1 + 0.5 sin(2πx) sin(2πy).
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Maze Navigation: Convergence
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F (x, y) = 1. F (x, y) = 1 + 0.5 sin(2πx) sin(2πy).
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Discontinuous Speed Function

Single permeable obstacle. Discontinuous speed.
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Determine Rarefaction Region by Snell’s Law

sin θ1
Ff

= sin θ2
Fs

, θ1 → α, θ3 → β,

cos θ2
Fs

= sin θ3
Ff

. sin β =
√(

Ff

Fs

)2
− sin2 α.
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Factoring Kernel

T (x) =



|x−x̃|
F (x̃) , x ∈ S0

(−a)·(x−x̃)
F (x̃) , x ∈ S1

(−b)·(x−x̃)
F (x̃) , x ∈ S2.
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Single Permeable Obstacle

Different trajectories. L∞ error convergence.
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Several Permeable Obstacles
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Three permeable obstacles. L∞ error convergence.
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Inhomogeneous Permeable Obstacle

Inhomogeneous permeable obstacle. Convergence.
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Discontinuous Boundary Condition

Sources of rarefaction fans. Discontinuous B.C. & Convergence
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Conclusion

1 Rarefaction fans may appear due to isolated sources,
non-smooth obstacles (boundaries) or discontinuous
boundary conditions.

2 Dynamic factoring can discover rarefaction fans
automatically and help remove numerical artifacts.

Future works: [QV19]
1 Anisotropic speed function;
2 Polygonal or curved-boundary obstacles;
3 3D “rarefying edges”?
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Appendix

Large gradient. Different methods.
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Appendix

Single obstacle. Different methods.
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Appendix

Single permeable obstacle. Different methods.
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